Evolution of a Vacuum Shell in the Priedman-Schwarzschild World 
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The method of an effective potential is used to investigate the possible types of evolution of 
vacuum shells in the Friedman- Schwarzschild world. Such shells are assumed to emerge during 
phase transitions in the early Universe. The possible global geometries are constructed for the 
Friedman- Schwarzschild worlds. Approximate solutions to the equation of motion of a vacuum 
shell have been found. The conditions under which the end result of the evolution of the vacuum 
shells under consideration is the formation of black holes and wormholes with baby universes inside 
have been found. The interior of this world can be a closed, flat, or open Friedman universe. 

PACS numbers: 04.20.-q, 04.70.-s, 98.80.-k 



I. INTRODUCTION 



Phase transitions in the early Universe occur with the 
formation of vacuum bubbles of a new phase. During 
the expansion and mutual intersection of new-phase bub- 
bles, old-phase bubbles completely surrounded by the 
new phase can also be formed 

vestigating the evolution of such bubbles and their sub- 
sequent fate is of interest in connection with the problems 
of primordial black holes. The evolution of vacuum bub- 
bles was considered in many papers mainly under the 
assumption of a de Sitter metric for the bubble interior. 
The region that separates the bubble interior and ex- 
terior is a domain wall. The shin-shell formalism sug- 
gested by Israel 8] and subsequently developed in detail 
by Berezin, Kuzmin, and Tkachev |9|, as applied to cos- 
mological problems, is commonly used to describe the 
latter. Various special cases of this problem were consid- 
ered in many papers on cosmological pha se transitions 
(see, e.g., the early papers 0, i,!, 0, M [HI, E [Q)- 
The end result of the evolution of vacuum bubbles 
can be the formation of primordial black holes and 
various types of wormholes with baby universes inside 

i, [13, H til E [13, III III, SIM 111, [11, IM The 

evolution of vacuum bubbles in the Schwarzschild-de Sit- 
ter world was investigated in H, [H, Hi, [l^]. The dy- 
namics of a bubble in the Friedman-Schwarzschild world 
was investigated in [lol [Tlj but without including the 
surface tension of the bubble (shell) wall. In this paper, 
we analyze the full dynamics of a vacuum shell in the 
Friedman- Schwarzschild world in the thin-wall approxi- 
mation by taking into account the surface energy density 



of the shell. Such a configuration can result from the 
production of particles during the vacuum decay inside 
the bubble by analogy with the final stage of inflation 
(see also [13 )• As a result of our analysis, we found 
all of the possible types of evolution of vacuum shells in 
the Friedman-Schwarzschild world and constructed the 
corresponding global geometries. We also found approx- 
imate asymptotic solutions to the equation of motion of 
vacuum shells in the Friedman- Schwarzschild world. 



II. A SHELL IN THE FRIEDMAN- 
SCHWARZSCHILD WORLD 

Let us consider a spherically symmetric shell whose in- 
terior (far from the boundary) is described by the Fried- 
man metric 



ds' = dit 



a' (tin) 



dq^ 



1 - fcg2 



(1) 



where iin is the time of an observer in the Friedman 
world, a = a(iin) is the scale factor, q is the inner radial 
coordinate, dO, is an element of the solid angle, k = 1, 
k — and fc = — 1 for closed, flat, and open worlds, 
respectively. The exterior of the shell is described by the 
Schwarzschild metric 



ds' = 



'2m\ , T / 2m 

1 UCt- 1 

r / \ r 



dr'-r'dn', (2) 



where m is the total outer mass of the shell and r is the 
outer radial coordinate. In what follows, the subscripts 
"in" and "out" pertain to the inner Friedman and outer 
Schwarzschild worlds, respectively. The metric of the 
transition region is modelled in the form of a thin shell 
S: 
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ds' 



dr' 



9'iT)dn', 



(3) 
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where r is the proper time of an observer on the shell and 
p = p{t) is the shell radius. The inner and outer metrics 
are joined on the shell using the thin-shell method Q to 
give the equations of motion of the shell 



2(^S-^2)^ + M=0, (4) 



where is the surface energy density tensor on the 
shell, is the external curvature tensor, is the fluid 
energy-momentum tensor, and [A] = Aout — A^. For a 
vacuum shell, S'p = 5*1 = 5 = const. Let us first consider 
the interior of our bubble. The Friedman equations are 



which is the root of the equation A(yo) = 0. For the 
outer Schwarzschild metric, the external curvature tensor 
component iff is 



(10) 



p ]j \dT ) p 
and the radius at which A changes its sign coincides with 
the radius of the event horizon rt = 2m. As a result, the 
main equation of motion of the shell fl]) that arises as a 
condition for joining the outer and inner metrics can be 
written for any fc as [9| 



a 6 



where the dot denotes differentiation with respect to the 
time tin, £ is the energy density, and P is the pressure. 
We will make the classification for an arbitrary equation 
of state, but we will always keep in mind a linear equa- 
tion of state, where P = ae and a = const 7^—1 (for 
the classification of solutions in the case of a = — 1 cor- 
responding to the de Sitter vacuum metric, see [1^, 
For a linear equation of state, the solution to the Fried- 
man equations is {k = 0) 



At" 



8^ 



(6) 



where A is a constant and n — 2/ (3 (1-1- a)). For the 
Friedman metric and using the condition for joining the 
Friedman metric and the shell, p = aq, Berezin et al. 
calculated (for any k) the invariants 



A = g"^p,c.P^p 



8^ 2 1 



(7) 



and the external curvature tensor component (since the 
problem is spherically symmetric, we will need only one 
component) 



47r5: 




Stt 




In this equation, the radius p depends on the proper 
time T of an observer on the shell and the energy density 
£ depends on the time tin for an observer inside the shell 
in the Friedman world. Therefore, the equation of motion 
should be supplemented with another equation obtained 
when the inner Friedman metric and the metric on the 
shell are joined: 



dti 



a^dq^ = dr^ 



(12) 



In the Eq. (|TT|) . the shell radius p may be considered as 
a function of the time tin (below, we omit the subscript 
to save space). More specifically, r = T{t) can be ex- 
pressed from Eq. (|12p and substituted into Eq. (|lip . 
i. e., p{t) = p{T{t)). We will begin our analysis with 
the full classification of the solutions to the equation of 
motion of the shell (fTT|) and the construction of the cor- 
responding global geometries. Subsequently, we will find 
an approximate solution to the equation of motion of the 
shell in some special cases. 




(8) 



where cr = ±l;(7 = lif the radius of the two-dimensional 
sphere increases in the direction of the outward normal 
and a = — 1 in the opposite case. In turn, depending 
on the sign of the invariant A, the shell moves either 
in the space-time region or in T (29j . The boundary 
that separates the space-time regions R and T for the 
Friedman metric is located at the radius 



III. ANALYSIS OF THE EQUATION OF 
MOTION OF THE SHELL 



For the subsequent analysis, it is convenient to repre- 
sent the equation of motion of the shell (fTT|) as an equa- 
tion for the effective energy. 



{dpIdrY /2 + U{p) = Q 



PA = 



3 

8^' 



(9) (see also [2^, [23|), where the effective potential is 



3 



1 - 



-- 1- 



GnS^J 167r2 5*2^4 



(13) 



Its graph is presented in Fig. 1. Equation (fT5)) for the 
effective potential U (p) should be supplemented with the 
following conditions on the signs of the quantity a present 
in the original equation of motion of the shell (fTTj) : 



sign 



47r 



(14) 



fout 



sign 



(15) 



It is easy to show that the second derivative of this po- 
tential with respect to the radius for any p = p(T{t)) is 
negative: 



9p2 



2m 

n3 



no Stt 
in^S^ + —e 



Thus, there are no static solutions in this problem [30j. 
Setting the first derivative of the potential with respect 



J 



952 



3S 2nSp3 



< 0. 



(16) 



to the radius equal to zero, we find the point of maximum 



potential p 



,3 

max 



where 



67r52 



1 - 



8 1 



r 



67rS'2 



> 0. 



(17) 



Note, that the point of maximum potential is a function 
of time, Pmax = Pmax(i)- As wiU be shown below, the to- 
tal mass m (Schwarzschild mass) of the shell measured by 
an observer at spatial infinity is a convenient parameter 
for the classification of the possible types of its evolution. 
This mass with the gravitational mass defect includes the 
total energy of the inner Friedman world and the total 



energy of the shell with its surface tension energy and 
its kinetic energy. Substituting p = pmax into Eq. (fT3)) 
for the potential, we find the first important mass pa- 
rameter of the shell, mmax = fno, which a contracting 
or expanding shell passes through the point of maximum 
potential: 



J 



mo = i/y^l 



1 



2TrS- 



3SJ 



-1 -3/2 



> 0. 



(18) 



r 



The potential ?7(pniax) < for m > toq and, conversely, 
C^(Pmax) > for m < niQ. Thus, depending on the to- 
tal mass m of the shell, the potential either intersects 
the U = axis or does not. In other words, this means 
that the presence or absence of a bounce point during 
the temporal evolution of the shell radius depends on 
the total mass m of the shell. It should be kept in mind 



that the mass parameter toq (and all of the mass param- 
eters introduced below) is a function of time t, because 
the energy density s depends on t in accordance with 
the Friedman equations ([5]). Therefore, at a fixed total 
mass m, inequalities of the form m > toq or m < toq 
can change with time to the opposite ones. Accordingly, 
the bounce point can appear and/or disappear as the 
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shell evolves. Note also that the energy density e de- 
creases with time for a linear equation of state, P — ae, 
at a > —1 and fc = 0. Therefore, on fairly long time 
scale, we have the following asymptotic for the mass pa- 
rameter: mo(t oo) ~ 4/{27ttS) Accordingly, the in- 
equality U{pmax) ^ will hold on fairly long time scales 
for m ^ mo{t oo). Next, it follows from Eq. ITU) that 
(Tin changes its sign (cri„ = 0) at the shell radius p = pi, 
where 



We see from this relation that U{pi) ^ for m ^ mi. 
This parameter exists, just as pi, only at e > BttS*^. Sim- 
ilarly, substituting the radius p = P2 into Eq. (fT3| for the 
potential U{p) and solving the equation 



U{P2)^1 

we find anot 



l_2(^^y^m2/3(e+6^52)i/3 =0, (25) 
ler mass parameter, m = TO2, where 



An e- GttS^ ' 



(19) 



The radius pi exists only at e{t, k) > 6ttS^. For a linear 
equation of state, t < ti = n/(47r5) at fc = 0. The radius 
pi does not exist {pi < 0) at t > ti. We see from these 
relations that on time scales t < ti there exists a radius 
in a flat universe at which a.in changes its sign; the latter, 
in turn, is related to the regions R+ (where dr/dq > 0) 
and R- (where dr/dq < 0). The solution of the Friedman 
equations determines the time scales at which the radius 
pi will exist for other equations of state. Note also that 
a periodic function can be the solution of the Friedman 
equations for a closed universe. Therefore, the radius pi 
can appear and disappear an infinite number of times. 
We will assume that the radius appears only once. This 
is a very rough approximation that can subsequently lead 
to contradiction on the Carter-Penrose diagrams if this 
condition is disregarded. In turn, it follows from Eq. (1151) 
that (Tout changes its sign ((Tout — 0) at the shell radius 
P = P2, where 



= i 3 

4V 27r(e + 6^52)- 



(26) 



According to Eq. ([S]), the energy density in the Fried- 
man world decreases as e oc (for a linear equation of 
state and at fc = 0). Therefore, the mass parameter TO2 
increases with time: 



dm2/dt > 0, m2(t — > co) (SirS) 



(27) 



For m < TO2 , the potential is always positive at the point 
with p — p2, i. e., U{p2) > 0. In contrast, for m > 
TO2, the potential is always negative at the point with 
p — p2, i. e., U{p2) < 0. In other words, the point 
with coordinates {p2 , 0) lies under the graph of U [p) for 
TO < TO2 and above the graph of U{p) for to > m2. At 
TO = TO2, the radius p2 intersects the potential. Note also 
that TO2 > mi. For the potential on the event horizon of 
the Schwarzschild metric, ph ~ 2m, wc find 



The relations between pi, p2 and p,, 
dni), (HH) and (EOl): 

P2 < Pmax\ 

Pi > (p2,Pmax) for e > 67r5^ 



(20) 



follow from Eqs. 



(21) 
(22) 



Substituting the radius p = pi into Eq. (|T3l) for the po- 
tential U (p) and solving the equation 



Uipi 



if 



1/3 



: - 6nS^ ) 



2/3' 



we find the mass parameter to = toi, where 
1 fYs-eTrS"^ 

73/2 ■ 



= 0. (23) 



(24) 



Uiph 



TrSm 



1 



GAnSm 



< 0. (28) 



We see that the point with coordinates {ph, 0) always lies 
either above the graph of U{p) or touches the graph of 
the potential at m = TO2 {U{ph) = 0). At to = TO2, the 
radius of the event horizon ph = 2m coincides with the 
radius p2 at which (Tout changes its sign. Using Eqs. (fT8|) . 
(|20p and (|26p for toq, P2 and m2, we find that toq > TO2 
and 



Ph 



^ P2 



for TO ^ m2. 



(29) 



Finally, substituting the radius of the boundary between 
the space-time regions R and T in the Friedman world, 
P = PA from ([9]), into Eq. ([13]) for the potential U{p) 
yields 



U{pi 



1 

2^ 



IttS (l 



Sire 



3/4 



m / Sne \ 
4^ \~) 



3/4-1 



< 0. 



(30) 
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We see that the point with coordinates (pA, 0) cannot be 
under the graph U{p). Only at m = mi does the point 
with coordinates (pA , 0) He on the graph of the potential 
and, in this case, pA = Pi- Accordingly, pi ^ pA for 
m ^ mi. Note that the radius pA at which the regions 
R and T are interchanged has the same properties as the 
radius of the event horizon in the Schwarzschild metric, 
r/j = 2m, with respect to our potential. It can also be 
shown that pA > Pmax at m = m,„ax- Finally, let us 
introduce the last mass parameter 

which is the root of the equation pa = Ph- As a result, 
we will obtain the relations ph ^ Pa for m ^ m^. It can 
be shown that > mg. For a linear equation of state, 
m3{t oo) ^ oo at fc = 0. We now have all of the 
necessary parameters to construct a full classification of 
the possible types of solutions to the equation of motion 
of the shell in the Friedman-Schwarzschild world and to 
find the corresponding global geometries. 



IV. GLOBAL GEOMETRIES OF THE 
FRIEDMAN-SCHWARZSCHILD WORLD 

Let us consider all of the possible types of solutions to 
the equation of motion of a vacuum shell in the Friedman- 
Schwarzschild world and then give a physical interpreta- 
tion of these solutions. 



A. The Case of m > ms 

We will begin our consideration with the case where 
m > m3, i. e., where the shell has a large mass that 
exceeds all of the characteristic masses in our problem, 
and will sequentially consider shells with an increasingly 
small mass. In this case, the relations Ph > PA, Pi > P2 
(if pi exists), pi > Pa and p^ > p2 hold. The potential 
and the location of the characteristic radii for this case 
are shown in Fig. 2a. As we see from Fig. 2a, there is 
no bounce point for the vacuum shell in this case. Let 
us consider the special case where the vacuum shell ini- 
tially expands. To determine the type of space-time re- 
gions R and T, it is important to know which signs Cin 
and (Tout will have when the shell intersects the radii pA 
and Ph, respectively. When the radius pA is intersected, 
(Tin = 1 for any function e(t,k). Consequently, the shell 
initially moves in the region When the radius ph 

is intersected, aout = — 1 and, hence, the shell is in the 
region The Carter-Penrose diagram (global geom- 
etry) corresponding to this case is shown in Figs. 2b-2d 
(at k = 0,-1) for various equations of state (see also 
[29j). Below, we will give the Carter-Penrose diagrams 
only for the case where P — e/3, i. e., a = 1/3, since the 
corresponding diagrams for other equations of state with 



a = const are constructed in a similar way. The Carter- 
Penrose diagrams for a closed universe will be the same 
as those for an open one (see Figs. 2b-2d). For a contract- 
ing shell, the signs of a at which the shell intersects the 
radii ph and pA will remain the same. The corresponding 
Carter-Penrose diagram for a closed geometry is shown 
in Fig. 2e. Additional peculiarities appear for a closed 
universe, i. e., at = 1. For example, the expansion of 
a closed universe changes to its contraction, while we see 
from the Carter-Penrose diagram for a closed universe 
(see Fig. 2b) that the expansion of the universe cannot 
change to its contraction, since there is no region T_ for 
a closed Friedman world. In particular, this is because a 
time interval will always be found when this diagram will 
not be valid or, more specifically, the condition m > 
will be violated. We will give an answer to this question 
(and to similar questions for other diagrams) at the end 
of this section. 



B. The Case of mo < m < ms 

This case differs from the previous one only in that 
the radii ph and pA are interchanged. The potential and 
the Carter-Penrose diagram for an expanding shell for an 
equation of state with a = 1/3 are shown, respectively, 
in Figs. 2f and 2g [k — 0, ±1). The Carter-Penrose di- 
agrams for a contracting shell and for other values of a 
are constructed in much the same way as in the previous 
case. 



C. The Case of m2 < m < mo 

The effective potential in this case shown in Fig. 2h 
has a region where t/(p) > 0. In this case, the shell 
bounces, i. e., the contraction and expansion are inter- 
changed, at U (p) = 0. If the shell begins its motion from 
the coordinate origin (p(0) = 0), then the expansion of 
the shell changes to its contraction and, in the long run, 
it will contract into a singularity. The Carter-Penrose 
diagram for a closed world is shown in Fig. 3a. If, alter- 
natively, the shell begins to contract from infinity, then 
this contraction will change to its expansion and the shell 
will again expand to infinity. The corresponding Carter- 
Penrose diagram for a closed world is shown in Fig. 3b. 



D. The Case of mi < m < m2 

For a shell contracting from infinity, the situation will 
not change compared to the previous case. However, for 
a shell expanding from the coordinate origin, the situa- 
tion will change radically. Now, tTout = +1- The corre- 
sponding graph of the potential and the Carter- Penrose 
diagram for a closed world are shown in Figs. 3c and 3d. 
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E. The Case of m < mi 

The potential for this case is shown in Fig. 3e. The 
situation where the shell expands from the coordinate 
origin will not change compared to the previous case, 
while the situation where the shell contracts from infinity 
differs in that the radius pi will be under the graph of 
the potential (if it will exist at all by that time). Two 
alternatives are possible. If the radius pi is absent at the 
time when the shell intersects the radius pA, then the 
situation is reduced to the previous case. If, alternatively, 
the radius pi exists at the time when the shell intersects 
the radius pA, then din, will change its sign or, more 
specifically, a-^ = ^ 1- The Carter-Penrose diagram for 
this alternative is shown in Fig. 3f. 

The classification under consideration allows the dy- 
namics of the vacuum shell to be completely described 
without restricting generality to a short time interval 
t. Indeed, let the mass m be fixed and the condition 
m > TO3 be satisfied for some short time interval. The pa- 
rameter ma increases with time t and will become larger 
than TO at some time. The condition toq < m < 7713 will 
then be satisfied and the vacuum shell will satisfy the 
corresponding solution for this new inequality depend- 
ing on whether it intersected other characteristic radii or 
not. The entire subsequent dynamics of the shell can be 
traced in a similar way. 

The evolution of a contracting vacuum shell can be 
considered just as the evolution of an expanding one, 
since the Friedman Eqs. (5) are invariant with respect to 
the change of sign of the time t to —t. Let the vacuum 
shell begin its motion from the coordinate origin at i = 0. 
The parameter to will then be larger than all of the other 
mass parameters — (toq, toi, 777.2, ^3), because e — > 00 
and TOi ^ when t ^ 0. 

Let an open or flat universe initially exist inside the 
vacuum bubble. Nothing will hinder the expansion of 
the vacuum shell. Depending on the relation between 
the parameters, several situations can arise. Either the 
shell will intersect the radius pA and then the radius ph 
or an exchange between the radii will first take place. 
Pa ^ Ph (since increases linearly with time, the pa- 
rameter TO3 will become larger than a given m at some 
time). If 777 > 7770 (i 00) = 4/(277rS'), then the shell will 
just go to infinity. If, alternatively, to < mo(t — > 00) = 
4/(277r5), then the inequality m < toq will hold after 
some time (i. e., the potential will intersect the U = 
axis and a bounce point will emerge). However, since the 
universe inside the bubble is open, the expansion cannot 
change to contraction, i. e., the vacuum shell can pass 
only into the region to the right of the graph of the po- 



tential (if the shell passed into the region to the left of 
the potential, then it would bounce at the bounce point 
and would contract). In the region to the left of the po- 
tential, the vacuum shell would continue its expansion, 
going to infinity. There could also be other special cases 
during the expansion. For example, to < m2{t — > 00), 
but this case is similar to the previous one. Thus, gener- 
ally, the Carter-Penrose diagram evolves with time and 
this evolution is described in different time intervals by 
the above diagrams. 

If, alternatively, a closed universe exists inside the bub- 
ble, then there always comes a time when to < mo{t — )■ 
00) = A/{27nS), since the expansion should change to 
contraction. The vacuum shell can then be located only 
to the left of the potential and the refiection from the 
bounce point is possible (i. e., the expansion will change 
to contraction). In the long run, such a shell will contract 
(collapse) into a singularity. 

Qualitatively, the embedding diagrams (3^ 1 for vacuum 
shells in the Friedman-Schwarzschild world are shown in 
Fig. 4a for open and fiat Friedman worlds and in Figs. 4b 



and 4c for a closed Friedman world (see also [31, 
[33I). We can see from the Carter-Penrose diagram that 
semiclosed worlds are formed in almost all cases of shell 
evolution. This is because the shell moves in the region 
i?_ of the Schwarzschild world, while the regions i?+ and 
i?_ are connected by a tunnel (wormhole). 



F. APPROXIMATE SOLUTION 

In certain limiting cases, the equation of motion of a 
vacuum shell in the Friedman-Schwarzschild world can 
be solved approximately. When the shell contracts from 
infinity and the effective potential intersects the U = 
axis, the term 



167r2S'2p4 



(32) 



can be neglected in the effective potential (13). The equa- 
tion of motion of the shell (13) will then be significantly 
simplified and can be reduced to 



J.2 2 
(f) p 



1, 



(33) 



where we denote (j) = 2nS + e/{3S). In this case, Eq. (12) 
for joining the inner Friedman metric and the metric on 
the shell can be rewritten as 



J 



Hpp 



dpV 
dr I 



2 „2 



[H'P 



(34) 
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where H = a/a = (Stte/S)'^/^ is the Hubble constant. 
From two equations, ([55)1 and ([M]) . we obtain 



p = {H^^^p^ - 1 ± 



47rS'|) 



(35) 



In this equation, we can already assume that p depends 
only on t. Integrating this equation, we will obtain the 
function p{t) and then can find the function T{t) using 
Eq. (HH) at p = aq: 



1 - (p - Hpf 



(36) 



Finding the inverse function t — t{T) from this equation, 
we will ultimately obtain the function p{t). For a linear 
equation of state (fc = 0) and taking into account the 
solution of the Friedman equations (O , we have the rela- 
tion H = a/ a = n/t. Let us find an asymptotic solution 
to Eq. ([55]) for i ^ oo. In this limit, Eq. (|35p can be 
rewritten as 



dp 
'dt 



^{2^Spf-l 



j\J{2nSpf - l±27r5 



{2ttSp) 

Integrating the latter equation at n ^ 1 yields 
1 



P = 




(27r5)2[<-B?i(n- l)t"]2 
(n- 1)2 ■ 



(37) 



(38) 



where B is the constant of integration. Accordingly, at 
n = 1, we obtain 



1 



2ttS 



v/l + (27rS')2i2(s + int)2 



(39) 



In the limit of t ^ oo under consideration, we ultimately 
obtain 



[t + B{1 - n)rit"]/(l -n), 1; 
tint, n — 1. 



(40) 



It follows from this solution and Eq. p6|) that dr/dt — 0, 
i. e., the dependence of f on r vanishes in the limit under 
consideration. 

The equation of motion of the shell can also be solved 
in the other limiting case where t 0. In this limit, the 
equation of motion of the shell is 



dp 
'dt 



t 



p±l. 



The solution to this equation is 



Ct"±i/(1-"), n^l; 
Ct±tlnt, n=l. 



(41) 



(42) 



where C is the constant of integration. In this limiting 
case, there is no dependence of t on r either. 

In a similar way, we can find an approximate solution 
to the equation of motion of the vacuum shell when it 
moves while being located to the left of the potential. In 
this case, terms of the form 



952 



Att^S^P^ 



An 



-ep . 



(43) 



can be neglected in the potential. 

The corresponding solutions to the equation of motion 
of the vacuum shell in the limits t ^ 00 and i — > 0, are 
similar in form to (PDl) and (|^^ . 



V. CONCLUSIONS 

We considered the dynamics of a thin vacuum shell 
in the Friedman-Schwarzschild world. The total mass 
m (Schwarzschild mass) of the shell measured by an ob- 
server at spatial infinity is a convenient parameter for 
the classification of the possible types of its evolution. 
This mass with the gravitational mass defect includes 
the total energy of the inner Friedman world and the to- 
tal energy of the shell with its surface tension energy and 
its kinetic energy. The classification under consideration 
allows the dynamics of the vacuum shell to be completely 
described without restricting generality to a short time 
interval. The end result of the evolution of the vacuum 
shells under consideration in the Friedman-Schwarzschild 
world was shown to be the for motion of black holes and 
wormholes with baby universes inside in a wide range of 
initial conditions parameterized by the total initial shell 
mass. The interior of this world can be a closed, flat, 
or open Friedman universe. In the same way, more com- 
plex configurations, for example, where another bubble 
inside which a world, other than the Friedman one can be 
located, is formed within one bubble [13], can be inves- 
tigated using the method of an effective potential. Such 
configurations, where the evolution of the inner and outer 
bubbles is determined by the metrics inside and outside 
the shell, can be analyzed by the method of an effec- 
tive potential individually. It should be noted that the 
method of an effective potential is inapplicable in the sit- 
uation where the bubbles intersect. In the case of very 
small bubbles, where the bubble interior is inhomoge- 
neous due to edge effects and the Friedman equations 
are inapplicable, we go beyond the scope of the formal- 
ism under consideration. 
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FIG. 1: Effective potential U{p) from Eq. (|13p as a function 
of the relation between the total mass m of the shell and the 
parameter mo from Eq. ([TSjl : (a) m < mo and (b) m > mo- 





FIG. 2: Effective potentials U{p) and Carter-Penrose dia- 
grams for the global geometry of a moving vacuum shell in 
the Friedman-Schwarzschild world. 



a P=e/3 




FIG. 3: Effective potentials U{p) and Carter-Penrose dia- 
grams for the global geometry of a moving vacuum shell in 
the Friedman-Schwarzschild world. 



FIG. 4: Embedding diagrams for a shell in the Friedman- 
Schwarzschild world containing open and flat (a) and closed 
(b,c) Friedman worlds, respectively. 



